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OEMA A

Al. ’Eoto pia ovuvaptnon f, n omoia givar optopévn o&sro dotnua [a, B].
Av

«  nfeivon ovvexng oto [a, B] ko
« f@=f(B),
va arodeiete 6Tt Yo kaOe apOud 7 u}szfﬁ%\)\/f (a) kau f(B) vmapyet évag
ToVAAYLoTOV X, € (@, B) TETO10G, DOTE
Movadeg 7

A2. Iléte o ovvéptmon f eivan TepoyOyicun oe &va KAEWTO SGoTNHO.
[a, ] Tov mediov opropov TNG; <\
Q\ \\;/ <\ Movadeg 4
A3. Ot@pNOTE TOV TUPUKETO ;Fo? o~ \
«, kGOe ouvapnon f, opt %y napw/@m un kot ywnoing avéovoa oto R,
oyvet f'(x)>0».
a) Na xapaxmpwsr T x@pwu Nawovwg 070 TETPASLO OOG TO YPOUUQ
A, av gival ain g, %ypau o P, av-givar yevdnc.
(novaoa 1)
B) Na amo)»oyy@srs ™ oma 0{1\25‘50 EPDOTNUA @).
(Lovadeg 3)

\@f Movadeg 4

\ >

Ad4. Na Xapam:quare Tic TPOTAoEIC TOV aK0A0VBOVY, YPAPOVTAS 0T TETPAIIO 0ag,
oiria Q‘L’O ypé,uya mov avtotoei o kdle mporaon, ™ Aéln LwoTé, av 7
npormﬁv?uoa)mn, # A6Bog, av 1 Tpdtacn eivar AavBaouevy.

((H \S\z%)=+oo,ytalcdes veN.

{}}3 . g eivan Vo ovvaptioelg pe medio optopod 4 kat B, avtiotoya, TOTE N
go f opiletar, av f(A)NB=J.
jyy H ypa@ikf mapaoTtact g cuvaptnong f(x)= \/— xeR &yel dEova ovp-
petpiag Tov y'y.
8) H ewoéva f(A) evdg daotnpatog A HECH g oVVEYOVG Kol Un oTadeptc
ovvapTNONG Efvar TAVTO, SIACTNHA.

g) Aivetar 6T n ovvapmon f mapayeyiCetol oto R Ko ot M YPOPIKH NG
napGoTaon Eivar Tave amd Tov GEova X'X. Av vrapyel kamolo onueio



®OEMA B

Aivovtat o1 ouvaptioelc:

B1.

B2.

B3.

B4.

y
®EMA T \Q%\//o <\

A(xy, f (%)) ™G Cs 0V omoiov N amdoTaon OMH TOV aéova x'x eivon
uéyiotn (M eldyiot), téte o€ ALTH TO onueio N epantopévn mg Cr gtvan

opovtia.
%\g ovaﬁsg 10

2
L,+0) > R, pe tv £y
S(1,+x) 1Ee TOMO £ (x) o \v
g:R—->R, pe tomo g(x)=e".

Na mpocdiopicete ™ cuvaptnon fog %

Movadec 5
" <\\> S
,u8x>0 anodeifte @\novvapmon Sog gtvan “1-1" kon

AV (fog)(x)=

Bpeite v avrictpoqm ™me. o
<® Movadeg 8
Av p(x)=(fog)” (x)—ln( %jq\wa*x 1, VQ\WGSTS TN CLVAPTNON @ WG

hm qp(x)

TPOG TN LOVOTOVid., /
< Movadec 6
Av ¢ givain m)vdptn ué% a Bpebovv ta opio
i i q)(x) Kot

Movadeg 6

.

Atvetoin m)vsx

, pe 1>0
3z
O<x<—
2

@?a amodeiEete 6L A =1
Movédeg 5

"

I'3.

No omodeifete 6t opiletan epantopévn g Ypagikng mapdotaong g f 6To
onueio 4(0, 1), n omoia oynuatiCel pe Tov GEova xx yovia ion pe %
Movéodeg 6

Na Bpeite Ta kpiowa onueio g ocvvaptnong f.
Movadeg 6



I'd.  'Eva onueio M(a, fa)), pe a < 0, kveiton ot YPAPIKN mapdotacn g f. O
pLOudS petaPolrng g TeTpnpévIg Tov onueiov M Sivetar omd, Tov THTo

o(t) = ;’ ) V
H ggantopévn tng ypagikig napdctaong e f oto M r éova xx oto

onueio B. Na Bpeite tov puOud petaBolrng g ratun%;?n onueiov B 1

XPOVIKN GTIYUn £, KoTd TV omoia To onpeio M éxst teTp

\ Y, / Movadeg 8
OEMA A -\ /

Aivetarm ovvéptnon f:R >R pe tomo f(x) =e* + ) v

Al. Na omodeifete 0TI LVRAPYEL pOVOSIKO X

OMKO EAGXLOTO. ZTN CLVEYELN VO, mOdEiEETE OTL
f(xo)=x02_(e+2)xo -1

o Movaoeg 7

070 omoio M f mapovoidlet

A2. Na vroloyioete 10 6plo

S fﬂ?

OmoV Xy TO oNEio TOV sp;.o og Al nov n mxpouctagat OMKO eAAYLOTO.

\

Vs \‘ W, Movadeg 6

A3.  Avxyeivorto on pzfg%ﬁp}om ua‘c&; %u N/ mapovoidalel olkd erdyioto,
vo amodeiEete OTL iowon f (x@;hyux x € (x,,1) €xer povadun pila p.
Movadeg S
Ad. Avxyeivart w oV ¢ Al mov m f mapovcialel oMkO EAAYLOTO
K p givor, 1\1;7 mg e&lomong tov gpotiuatog A3, va amodeifete OtL
f(x,)> f(/o§{(k)+l) v K4Be k€ (p,1).
O w Movadeg 7
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OEMA A x /
Al.  Oshpnua evirdpecwv TindV anddeién napay k6 Bifiio
A2.  Opioudg mopdyp. 2.2 oxoMko6 Pprio  / \\\ _ ‘\ 3

{ / oot
A3. (A)my f(x)=x |]R f yvnoiog av§ouaa|R\o\Qv7»a f(x)=3x*>0010 R.

Ad. @) > AP —Z,y)—E, 5)—»2@
©EMA B % O?
BI. =(1,+0) A, =R %

s =(1,+0 /\>\

H fog opiletal ot
A, xeA wcr%\) { rse >1} (0,+).

Onorte ( fog)(x x>O/\\\\\\
(fg(/)*"\—K // >J

/ 2
>x \> e"+2 e"+2

B2. Eoto xd%ﬂo) (fog)(x) = (ng)(x1)=> 1ol

:>( ‘ﬁ'é}_\ﬂ\e\—l)—(é“ +2)( —1):> e —e" +2e"2 —2=¢" —¢" +2¢" -2

iz) :>e"'—e =% =X

/7 {¢D Ote fog eivar 1-1 dpa vapyern
Q

S

~
N




(fog)_l :(fog)((O, +oo)) >R

Eivar y= ¢ +2

oy —y=e+2e(y-1)ef =y+2 )
e -1 >
Av y=1 n(l)<0e" =3 (x&')vatn,dpalg(fog)((0’+oo)) @
Avy=l n()ee=2¥2 ég;
y-1
y+2

IIpéner >0 y<-2 1 y>1 2 \
y-1 2 v
Ko \

+2 ' -
x=In2F2) aitd x>0 @ 2) >l o pes TEITFEL
y-1 y=1 y y-1
3 /“

S—>>00y>1 (3)
y-1 N

Amo (2), (3) tTehikd y >1 D

Fror (oY i F 2y o
Brou ¢(x)=(fog)™ =In(——D), .®>
7
1 £ -3

-1(x ) x
B3. Tux>1:¢(x)== -
= &@2 ' e
Apa ¢ ywnoing edivovs <6 (1,+7/§

B4.  lim p(x) = lim Jl{ gl /@w
4 . _/-/17 / (/ r\\\ \\>\

NIV N
lim p(x) =, )1};2 \1}&11 = limlny =In1=0.

n—l

1N YW TO f)\uekgtdus TN povotovia g fog HECH TOPAYDYOV Kol GCUVOAO TIUOV
™G e opt

NN
I'1l @ vexng oto (—,0) wg mpagel petatd cvvexmv.

@ m oLVEYNG GTO (O,é—;) opoimg wg mpacelg peta&d ouveymv.

AoV givar cuveyng n f tpémet v eivar cuvexng kat 6to x, =0.

Apa TpémeEL :



. < . 1
lngl_ f(x)= lll’g} fx)=f0)= llm(:—ln/i) = lim (7ux + Aovvx)=1-In 1 <
i > = x—0"

e

Y 4 1
Oe0pd p(x)=Inx+x-1 , x>0 pe o'(x)=— 1 : §
PO ¢(x) e ¢'(x) —+ >0=¢ Y% avEovoa

070 (0,+). A6 (1) eivan p(2) = 0 < () = (1) W%
ﬁ , x<0 \V
F

I'?  Eivai f(x)=
nux+ovvx , 0<x<3—” §

I-lhi=Aehi=1-Achi+i-1=0. @

2

1
TNa x<0: f(x)—f(0)=:_1 _1-ltx
x X x(1-x) 1-x

Eniong lim IL =1=> lim A 8)5))

=07 1 —X x—0~ ( \
: W4
Mg xs0. T =FO) _nu #:%1: i
X %
Eivou lim(”ﬂx+m)vx_%ozlzf/¢@ ®-fO _,
x—0" X -0t x
o>
: - S~FO) . S
Emopévog lim —;Z,xdé;_qu
Apo. 1 €QamTE A ( ,Q icwon:
y_f(0)=f/z0) )ﬁy—l: y=x+1
N

LORS ; ; . ot
Av o nyoviemov oxnuatiCel n epantépevn e tov GEova xx' eivat:

EQay =" £¢w=1<:>w=% (we[0,7))..
O
o (1 '_—(1—x)'= 1
I3 O wtx<0.f(x)—( )— (l—x)2

-x)  (1-x)’

Z/Q\Z w x> 0; f'(x) = (Mpx + ovvx)’ = cuvx —nux
6/\/ : x<0

T Apa f'(x)= (l—x)z’
ovvx —nux, x>0
Mo x <0 givar f'(x)>0.




I,
Mo 0<x<7:f(x)=0<:>ovvx—nux=0<:>np.x=ovvx

ovvx=0 T 571, 371_
S epx=lx=— N x="2— ; -
O 1 Ul 2 aQov xe(O,z)

Y%
Enedn) howmwov n ' opiletar oto (—-00,37”] Kot f' )gkg a x=2 kat
: 4

{
X = %r avtd gfvan kat o kpioya onueia. @
4. H e&icwon g epantopévng oto M (a, f(@)) 8%;; (@) = f'(@)(x-a).

o y=0=-£(a)= f'(a)x—af'(a) & af (@=14 f(a)
, U@ @
Apa T0 onpeio TOUNG TG EPUTTOUEVNG ig re\va;éva x'x givon

B a—M 0
-a—‘@a a- a) 2a-1.

f(a)’
_g) o~

—

, X
Apa. TNV OTo0dNTOTE YPAVIKA, OTIYUN t i
xg() =2a()-1= Xa(t) &éa@) B(t)———a(t) @)

Opwg woydet a(t

Enopévog x; =a-

Amo (1) yw t—t ;
\V

2
@/ s -]tk
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Al.  Eivap——
f/(j}:\g"\-iﬂx—e xeR
" (x) e +2 xeR

/
>0 oo R dpa [f'yvnoiwg adtéovoa oroR

f oto [0, 1] wavomotel 11 wpoimobéoerg Tov O. Bolzano agpov
5(0)=1-e<0
Z/w f()=2>0
— Apa vrapyel x, €(0,1): f7(x,)=0

To mapamdve eivar povadikd oto R apod  f'yvnoiws adéovoa oto R.
‘Eto1



[ yv.abéovoa

xS ()< s () =0
x>x, 9 f'(x)> f(x,)=0

L] :
S &) g +
f (x) oy _

‘Exovpe:
f(x)=e*+x>-ex,-1 (1)

f(x)=0ce"+2x,—e €™ =e—2x,

H (1) <:>f(xo) e—2x,+x,° —K—)\; —(e+2 )x, +e—1

A2.  Amo (Al) yw x # x, givar f \ﬁ < (%) V/x;)>0

lim (1)~ £ (x,)) =0 Aoy0/ Guviyeia m@x

Ot e -7 &

AxoOun v x # x, €

1 \Z4
> 1
v f(%‘k\@ T g @
Am6 (3) li 12{11%_1)%@

gll@ ) [x—x H +00
ég@>§>(x) fX) +x-%,, xe[x,1]

& Q givon O"UVSXT](; OoTO [xo 1] (O] GOPOlGH(I. O'UVGX(DV
Q) P(xy) = f(x,)
@ (A1)
Opog x, <1 £(x) < £1) =0=> p(x,) <0

* o)=fM+1-x,>0
Apa and Oedpnpa Bolzano vrapyet p e (x,,1)




Qote: p(p)=0o f(p)+p-x,=0

H mapandve piCa eivar povadikn oto [x,,1]

AoV ¢'(x)= f'(x)+1>0 o7o [x,,1] \<$
AN
= ¢ yvnoiog aitéovoa oro [x,,1]. SOV

Ad4.  Eivor f(p)+p=x, pe pe(x,,1) ot x, € (0,1) VV
‘Exovpe ywo x € (p,1): \
f&x)> f(p)(f'(K)+1) = f(x,)-f(p)> f(p)
L
H f oto [x,,p] wavomoel tig mpod 00éoelc Tov O.M.T. Gpa vmapyet

¢ <(x): =~
f’(é:) f(xo) f(p) 7 >

(6)
H (5)®f(§)<f(’<) / ?
[oyver a@ob f'yvnoiwg at{@a oo R (@ ke (p,])
Ad4. Zog TpOTOg AVoNg &
£(50)> 7 (P) (S (Z& () )-£(p) >
f(x)=f(p) S’
Vap

Apxket va dei&o

o()- (5}&% é@mm)
etvat ¢()\(2/\ |

210 [xoi ‘\omésﬁdT VRAPYEL )=C0 é: P {
wa@

z\f (€)= LE1LE) o f(5)- 1 (0)- 1 () o)
—And 10A3. gival

/ ﬁp)‘*‘ﬂ x0<:>f(p) xy—p <0.
a o(x)=f"(§)(x%-p)-(x-p)f (x)=

@@w - (5P (€)1 ()

Eivau

9'(x)= (xo—p)(—f"(x))>0, apov x, —p <0

kar £ (x) > 0= ¢ ywmoing avéovoa oto [p,1].

Apa p<x<lep(x)>p(p)=(x%-p)(f (£)-f (k) O



.
Agov £<p'= f(£)<f (p)= 1(¢)- 1 (p)<0

)
<0 =¢(x)>p(p)>0=p(x)>0.
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X

&
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